Conversions of Transverse Gaussian
Laser Modes

Jay Rutledge
Max Stanley, Marcus Lo
Summer 2016
Laser Teaching Center
Department of Physics and Astronomy
Stony Brook University

Abstract
High-order Hermite-Gaussian modes are generated by obstruction within an open-cavity HeNe laser
and astigmatically converted to the helical Laguerre-Gaussian basis. A compound Mach-Zehnder
interferometer enables production of sinusoidal Laguerre-Gaussian modes, which hold current
interest in gravitational-wave astronomy, and the phase analysis of both Laguerre-Gaussian types.
Supplementary modal experiments are performed.
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1. Introduction
Any oscillatory system has a discrete set of modes, stable patterns of motion with a fixed
frequency and phase relation between oscillating parts. These modes are determined by the
physical properties of the system and, mathematically, form a basis set characterizing all its
possible motions, each only with varying proportions of the constituent modes. Such systems
which may be familiar include coupled pendula, musical instruments, or an electron bound
to the nucleus of an atom. The modes of these or any systems are calculated by attempting
to solve the relevant equation of motion, whether it be Newton’s law, the wave equation, the
Schrodinger equation, or another.
One such system of great modern interest is the laser, in which the oscillatory agent is
the electromagnetic field. Modes of these kind are calculated by solving the wave equation
in the paraxial limit with appropriate consideration of boundary conditions, i.e. mirror
geometry and separation. (It should be noted that of interest here are the transverse modes
of an optical cavity; longitudinal modes—owing to the range of Doppler-shifted atomic
emission frequencies which satisfy the cavity standing wave condition—are not relevant in
this discussion). The result is two primary sets of modes, or bases, at which the laser may
operate depending on which coordinate system is chosen for the solution. In Cartesian
coordinates, solutions are the Hermite-Gaussian (HG) functions which exhibit a rectangular
symmetry. In cylindrical polar coordinates, solutions are the circularly symmetric LaguerreGaussian (LG) functions, which have been of special interest in recent literature as they carry
an additional component of momentum independent of that from polarization, known as
orbital angular momentum (OAM). Both sets share the same lowest, fundamental mode,
which in fact is the ubiquitous, single “bright spot” on a wall which most are only familiar
with. There are, however, an infinite number of operating modes in each of these families of
solutions. In any case, though, a modal beam of light has the feature of a fixed transverse
intensity profile which may only expand or contract throughout propagation. This is the
defining distinction between a pure mode and what is known as a “multi-mode”, a cavity
condition which supports contribution from more than one mode, and as a result of phase
misalignments, does not share this feature.
In principle, any mode of a particular set can be converted to a mode of corresponding
order of another set (mathematically, this is just a change of bases). The main interest of this
project is to generate and convert HG modes into their respective LG modes via an astigmatic
mode converter. While exploring the LG set of modes, however, it was learned that there are
in fact two divisions of LG mode types, both of which are an independent basis set. The set
achieved directly by conversion from the HG modes are the helical LG modes, named for their
possession of OAM and twisting wavefront. Careful combination of two identical but
oppositely-handed helical LG modes yields another independent set, sinusoidal LG modes.
These feature an azimuthal, sinusoidal variation in intensity, but lack OAM, and have been of
current interest to the high-precision interferometry used in gravitational wave detection.
Further discussion of each mode type and experiments performed is given in the proceeding
sections.
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2. Hermite-Gaussian Modes
2.1. Mathematical Background
Hermite-Gaussian (HG) modes are discrete solutions to the paraxial wave equation in
Cartesian coordinates, having the form
𝐸𝑛𝑚 (𝑥, 𝑦, 𝑧) = 𝐸0
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where 𝐸0 is an electric field amplitude, 𝑤0 is the beam waist, 𝑤(𝑧) is the general beam
radius, 𝑧𝑅 is the Rayleigh length, 𝑅(𝑧) is the distance from the Rayleigh position, and 𝑘 is the
wavenumber, defined 2𝜋/𝜆 as usual. They are Gaussian functions multiplied by the Hermite
polynomials, characterized by the horizontal and vertical indices 𝑛 and 𝑚, respectively. The
order of the mode is taken as 𝑛 + 𝑚, and is written TEMnm or HGnm. Some computer
generated modes are shown below in Fig. 2.1.

Figure 2.1.Hermite-Gaussian modes up to order 6.
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An important term appearing in the solution above is the Gouy phase,
𝑧
𝜑(𝑧) = arctan
𝑧𝑅
Due to diffraction, a beam of light can never be ideally collimated and will always converge
to a finite waist. As a result, the distance between successive wavefronts increases slightly
as a beam moves through its waist (Fig 2.1) and there is an accumulation of [Gouy] phase as
local phase velocity must increase (𝜔 = 𝑣𝜑 𝑘 = 𝑐𝑜𝑛𝑠𝑡.). This fact will be exploited in the
conversion from HG to LG modes.

Figure 2.2: Wavelength broadening near beam waist.

2.2. Generating HG Modes
HG modes are generated using a 10-micron wire mounted on an aperture within a single
Brewster open-cavity HeNe laser (Fig. 2.3). The cavity length is variable from ~30cm to
60cm, and the highly-reflective back mirror (HR) and output-coupling mirror (OC) are both
spherical with radius 60cm.

Figure 2.2. Open-Cavity Laser.
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Modes of varying order are isolated by spatially eliminating other constituents from
a multi-mode pattern. Transverse modes are a result of the repeated, off-axis reflections
which interfere constructively within a cavity; it follows then that different operating modes
have varying spatial requirements, so blocking a portion of the resonating space removes
support of those modes which would require that space. In other words, modes that
naturally have a gap along the wire are supported, and others are not. Simply by geometry,
higher order modes reflect at greater angles within the cavity and occupy more transverse
area. Therefore, blocking the beam path at its radial extremities will eliminate higher order
modes, while blocking its center will eliminate lower orders. Directly from this, shorter
cavity lengths then will support higher order modes, as their angled paths in longer cavities
will stray too far.
For highest mode potential, the cavity length chosen is its shortest at 30cm. First, the
multi-mode is created in absence of any obstruction by tuning the OC (Fig. 2.4.a); the wire is
then translated through the beam, revealing distinct modes at different points along its
travel. A compilation of achieved HG modes is shown in Fig. 2.4.b. All images are recorded
with a Thorlabs CCD camera [13].

Figure 2.4.a: Mutli-mode “blob”

Figure 2.4.b: Row 1: HG10 -> HG90. Row 2: HG: 3-3. 4-2, 4-3. Row 3: HG: 5-2, 6-2, 8-1
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3. Helical Laguerre-Gaussian Modes
3.1. Mathematical Background
The second class of solutions to the paraxial wave equation are the helical LaguerreGaussian modes in cylindrical coordinates, with the form
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where 𝑞(𝑧) is the complex beam parameter. They are Gaussian functions multiplied by the
associated Laguerre polynomials, characterized by the radial and azimuthal indices 𝜌 and 𝑙,
|𝑙|
respectively. The order is taken as 2𝜌 + |𝑙|, or is written 𝐿𝐺𝜌 . Some computer generated
modes are shown in Fig. 3.1.

Figure 3.1: Helical LG modes up to order 9.
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3.1.1. Orbital Angular Momentum and Optical Vortices
Interest in helical LG modes developed when it was discovered they carry a new form
of momentum, orbital angular momentum (OAM), in addition to the well-known spin
angular momentum. OAM is a result of an azimuthal phase variation and center of undefined
phase, which gives rise to a helical wavefront (hence helical mode). (Fig. 3.2). Its magnitude
is of integer multiples 𝑙ℏ, where 𝑙 is the azimuthal index and ℏ is the reduced Planck’s
constant. The index 𝑙 is also called the topological charge, equal to the number of full twists
in a single wavelength period.

Figure 3.2. Spiraling wavefront

LG modes with dark centers are grouped in the general class known as optical
vortices. Not all optical vortices are necessarily modes, however, and can be created by other
means, such as spiral wave plates or spatial light modulators, which transfer the desired
phase pattern to an ordinary beam. OAM carrying beams have applications in trapping and
exerting torques on small particles, as made use of in optical tweezers, for example.

3.2. Conversion from HG to LG Modes
Mathematically, any basis is as valid as another and conversion between two is
permitted. By this, then, converting Hermite-Gaussian modes to the helical LaguerreGaussian base should be possible, as first demonstrated by Beijersbergen et. al [2]. This is
realized through the use of an astigmatic mode converter, which exploits the Gouy phase
through the action of a pair of identical cylindrical lenses separated by a precise distance.
Fortunately, a mount to perform just this had already been machined by a past LTC student
(Fig. 3.2) [8].

Figure 3.3. Converter mount with cylinder lenses
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Once mounted, and with the proper mode-matching procedure outlined in this
|𝑚−𝑛|
section, an input HG mode will be converted into an LG mode with order 𝐿𝐺min(𝑛,𝑚) The basic
mechanism is as follows.
3.2.1 Astigmatic Mode Converter

Figure 3.4. Mode conversion by an astigmatic mode converter.

An arbitrary HG mode is directed at 45° to the cylinder lens axis. The first lens
introduces an astigmatism and definite phase difference (𝜋/2) between the two input HG
components oriented along the axes of the astigmatism (Fig 3.3). In fact, the conversion by
Gouy phase manipulation is completed by the first cylinder lens. The separated, orthogonal
HG components accumulate different Gouy phases while passing through a waist, and their
superposition forms the LG mode. For a “robust” conversion, a single cylinder lens will do,
as shown by a past LTC student [4], but the astigmatism remains and the mode is not be
stable in propagation. The second lens, therefore, serves to remove the astigmatism and
preserve the modal integrity. To do this, the second lens is placed at the position where the
two radii of the astigmatic components are equal, which is the necessary separation 𝑓√2
(Fig. 3.4).

Figure 3.5. Introduction and removal of astigmatism

The emerging beam is a pure LG mode, constant in its transverse profile. The input HG beam,
however, must be specially prepared, or “matched”, to the conditions required by the
converter (these conditions arise out of the mathematical machinery of the conversion [2]).
This is performed by a mode-matching spherical lens, and its placement is determined
Gaussian beam optics.
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3.2.2. Mode-Matching

Figure 3.6. Beam waists and optics positions.

Mode-matching entails calculating the position of the matching lens necessary to
place the beam waist equidistant between the two cylinder lenses, given the measured
parameters of the laser beam used (Fig. 3.5). The first step is to determine where the beam
waist is within the laser. With the OC position forming a concentric cavity, though, the waist
is known to be halfway between the HR and OC. The only measurement remaining is to gain
some information about the beam at a distance Far Beyond™ the expected Rayleigh range,
the point at which the cross-sectional beam area doubles. Profiling the beam only once at a
point is sufficient, providing both the minimum waist size and Rayleigh length by measuring
the beam radius at this point. The calculation is straightforward and outlined below.

By the small angle approximation, the angle between the propagation axis and beam radius
can be approximated as
𝜃=

2𝜆
𝜋𝑤0

with the minimum beam waist 𝑤0 , and the wavelength 𝜆 known to be 632.8 nm. From this,
the Rayleigh range 𝑧𝑅 is calculated directly by
𝑧𝑅 =

𝜋𝑤02
,
𝜆

derived from standard Gaussian beam optics.
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According to the conditions for mode-matching, the Rayleigh length of the focused beam 𝑧𝑅 ′
is to be
𝑧𝑅′ = (1 +

1

)𝑓
√2

where 𝑓 is the focal length of the spherical lens.
To calculate the magnification of the focused beam, two intermediate parameters 𝑀𝑟 and 𝑟
are introduced, defined as
𝑀𝑟 = |
𝑟=

𝑓
|
𝑑1 − 𝑓

𝑧0
𝑑1 − 𝑓

The magnification 𝑀 is then
𝑀=

𝑀𝑟
√1 + 𝑟 2

which relates the original and focused Rayleigh lengths by
𝑧 ′ = 𝑀2 𝑧0
Finally, the distance 𝑑2 and the desired distance 𝑑1 are related to 𝑀 and𝑓 by

(𝑑2 − 𝑓) = 𝑀2 (𝑑1 − 𝑓)

By this, the relative positions of the laser beam waist, matching lens, and mode converter are
known. It is seen that the focal length of the lens is not itself critical, but rather only the
accompanying distance from the laser waist and converter, which will vary with the focal
length chosen. This result is summarized in Fig. 3.6. In practice, however, it is found that
there is a considerable range of tolerance for the placement of the optics—effective mode
conversion is still achieved for displacements of several centimeters of either the matching
lens or converter.

9

Figure 3.7. Matching-lens positioning plot

3.2.3. Achieved Conversions
A wide variety of HG mode inputs have been successfully converted to the LG basis,
and their images are collected below in Fig. 3.7. In general, ring number increases with the
radial index 𝜌, and ring thickness decreases with the azimuthal index 𝑙 (Fig 3.7.a).

Figure 3.8.a. Inputs of order m=0 or n=0 yield single rings with p=0 (LG 0-1 through 0-8 shown).
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Figure 3.8.b. Selected mode conversions

3.2.4. Notes on Ellipticity
All of the achieved LG modes emerged with a seemingly inherent ellipticity, evident
above. This is suspected to be a result of an imperfect converter orientation, as rotating or
shifting the converter alters the mode shape. The best attempt was made to correct this by
optimizing alignment the converter, but the slight ellipticity remained. Other corrective
measures were tested also, such as anamorphous prisms, but they introduced difficulties in
directing the beam for further mode manipulation and were abandoned.
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4. Sinusoidal Laguerre-Gaussian Modes
4.1. Mathematical Background
By the principle of superposition, the sum of any two solutions to a linear differential
equation is again a solution. Recall the form of the helical LG modes:
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By Euler’s formula, the final phase term 𝑒 𝑖𝑙𝜃 can also be written cos 𝑙𝜃 + 𝑖 sin 𝑙𝜃. If two helical
LG modes, then, of equal charge 𝑙 but opposite handedness (𝑙, −𝑙) are added, the phase term
will be replaced by 2 cos 𝑙𝜃. A new, independent family of solutions results from these
combinations, and are known collectively as the sinusoidal LG modes.
As a result of this new phase term, there is an azimuthal, sinusoidal variation in intensity, the
frequency of which depends directly on 𝑙. With that, though, there is complete negation of
OAM and absence of helical wavefronts. Some computer generated sinusoidal modes are
shown below in Fig. 4.1.

Figure 4.1. Sinusoidal LG modes. The frequency of the "cut" depends directly on 𝑙.
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4.2. Production of Sinusoidal LG Modes
The production of sinusoidal modes requires the combination of two oppositely
handed helical LG beams. To do this, the output from the converter is split and recombined
by a Mach-Zehnder interferometer (Fig. 4.1), with the handedness along one path reversed
by a Dove prism (Fig. 4.2). The rotation of an LG wavefront will flip upon reflection, but
attempting to use mirrors only makes for a very tricky configuration. A Dove prism allows
for no deflection of the beam path while providing the additional net flip necessary through
a single instance of total internal reflection.

Figure 4.2. Mach-Zehnder Interferometer; output LG is split and recombined.

Figure 4.3. Dove prism; total internal reflection flip handedness of an LG beam..

Combining the two LG modes requires careful tuning of the interferometer. The overlaid
beams must be collinear over a large distance, which is done by tuning the mirrors in the
near field and beam splitter mount in the far field. Only when the beams are collinear are
sinusoidal modes achieved; slight divergence from this results in fork patterns which will
appear again and be discussed in the phase analysis of LG modes.
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4.3. Full Mode Conversions
Several complete HG  Helical  Sinusoidal LG mode conversions have been
achieved with very high quality (Fig. 4.4).

Figure 4.4. Achieved mode conversions.

As seen above, single-indexed HG modes will convert to helical modes with 𝜌 = 0. These
combine to form distinct “flower” patterned sinusoidal modes, the number of petals directly
corresponding to the azimuthal order 𝑙. Orders of 𝑝 > 0 were simply unable to be resolved,
as there was an inherent difficulty in producing sinusoidal modes due to the ellipticity of the
helical modes.
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5. Phase Analysis
The phase structure of LG modes is analyzed by interference with a reference plane wave.
This is done through clever construction of a compound Mach-Zehnder interferometer (Fig.
4.5), which provides a flexible setting for both producing and studying the modes. This
device enables the viewing of HG modes, helical LG modes, sinusoidal LG modes, and the
phase structure of either LG type.

Figure 5.1. Compound Mach-Zehnder interferometer

A reference “plane” wave is created by sufficiently expanding a lobe of the input HG to fully
contain the LG beam in question. To study the phase of the helical LG modes, either arm of
the inner loop of the interferometer is blocked. The phase of the sinusoidal modes is studied
without any obstruction in the configuration. The HG reference beam can be blocked for
viewing of either LG type alone.
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5.1. Phase Analysis of Helical LG Modes
By blocking either arm of inner Mach-Zehnder interferometer, the phase of the helical
LG modes can be studied. The two beams must be collinear for the proper effects to be
observed. Slight deviance, however, yields equally interesting results.
5.1.1. Non-Collinear Interference and Fork Patterns
When the LG beam and reference plane wave are not perfectly overlaid, a “fork
pattern” will emerge. The fork is a result of the phase dislocation of the helical LG mode, and
the number of forks (or one less than the number of prongs) directly corresponds to the
topological charge of the mode (Fig. 5.2). It will be seen later that with imperfect overlaying
of two helical LG modes, the number of forks directly correspond to twice the charge.

Figure 5.2. Fork pattern emerging from interference between Helical LG 0-8 and reference plane wave.

5.1.2. Phase Structure
With successful overlay of the helical LG and reference beams, the phase of the mode
is revealed as a very distinct spiraling pattern (Fig. 5.3). The charge of the mode directly
corresponds to the number of spirals, while its handedness is shown by the direction of
rotation of the spirals.
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Figure 5.3.a. Interference pattern between helical LG 0-3 mode and plane wave, with Dove prism path blocked.

Figure 5.3.b. Interference pattern between helical LG 0-3 and plane wave, with vacant path blocked.

5.2. Phase Analysis of Sinusoidal LG Modes
Operating the compound interferometer free of any obstructions enables the phase
analysis of the sinusoidal modes. Alignment of this system proved to be very challenging, as
the sinusoidal mode cannot be moved as a single unit but rather both helical constituents
must be tuned simultaneously. Adding difficulty, the two helical modes must remain
collinear to preserve the sinusoidal mode as it aligned with the reference beam. However,
again, non-collinear alignment gives an interesting result.
5.2.1. Non-Collinear Alignment and Doubled Fork Patterns
It was observed before that a misaligned helical mode and reference plane wave will
produce a fork pattern. Here, the same effect is observed again, but with interference
between combined, non-collinear helical modes and a reference plane wave. The result is a
fork pattern with twice the spatial frequency as the previous case (Fig 5.4). This is a
consequence of failing to cancel the OAM of either beam, which the plane wave then detects
as 2𝑙 as the fork pattern is not sensitive to the handedness of the mode.
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Figure 5.4. Fork pattern from imperfectly combined helical LG 0-3 modes. Notice there are now 6 forks.

5.2.2. Phase Structure
Interference between a properly aligned sinusoidal mode and reference plane wave
will reveal the modal phase structure (Fig. 5.5). The result is a series of nearly concentric
rings, the absence of the spirals owing to the cancellation of OAM. There appears, however,
to be slight disruptions or forks in the pattern. It is not certain at the moment whether this
is an expected effect or just a result of slight misalignment of the combined helical modes.
Further study with simulations in MATLAB will hopefully provide a definitive answer.

Figure 5.5. Phase structure of sinusoidal LG 0-3 mode.
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6. Additional Experiments
In addition to the generation and conversion of mode types, a few smaller,
supplementary experiments with the modes were performed. The first was an attempt at
mode reversion, from the helical LG modes back to the HG basis, and was met with moderate
success. The second was a direct observation of the azimuthal energy flow in a helical LG
beam by cutting its profile with a razor blade and tracking the rotation of the light field. The
third was an experiment in double-slit diffraction of helical LG modes, with the goal of
determining topological charge by fringe shifts.

6.1. Mode Reversion
It was mentioned previously that a single cylindrical lens can do a fair job of
converting HG modes to helical LG modes, with the shortcoming of failing to remove the
astigmatism. It seems reasonable, then, that a single cylindrical lens should be able to “undo”
the action of the astigmatic mode converter with some degree of success. This, again,
requires particular mode-matching with another spherical lens, as shown in Fig 6.1. [4].
Results are displayed in Fig. 6.2.

Figure 6.1. Single lens mode reversion. Red solid line and blue dashed line show the two planes of the astigmatism.

Figure 6.2. Top: LG 0-1 -> HG 1-0; Bottom: LG 0-3 -> HG 0-3
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6.2. Azimuthal Energy Flow
In a conventional beam of light, the energy flow is in the direction of propagation as
the wavefronts also move in this direction. However, in a helical LG beam, the wavefronts
twist about the axis of propagation, spiraling the flow of energy along with it. This azimuthal
flow can be directly observed by cutting a portion of the beam with a razor blade [5].
Rotations closer to propagation axis occur at a faster rate than those farther, so following the
beam as it is cut shows a rotation of the semi-ring (Fig. 6.3). The direction of the rotation
simply corresponds to the handedness of the LG beam.

Figure 6.3. Rotation of the mode over a course of 4 cm.

6.4. Double-Slit Diffraction
Young’s double-slit experiment is a classic demonstration of the wavenature of light.
Two points sources, which can be approximated as plane waves in the far field, interfere and
produce a basic, straight-fringed pattern. However, directing a helical LG mode into a pair of
slits yields a slanting offset of fringes. (Fig. 6.4) [Marty’s paper reference]. This is a result of
a staggered phase along the wavefront as it encounters the slits. The fringe offset directly
corresponds to the index 𝑙 of the mode, and direction of the slant indicates its handednes.

Figure 4. Diffraction of Hel. LG modes of order 0-1 to 0-5. Reference lines are included to help trace offsets.
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7. Conclusions
Hermite-Gaussian modes up to order 9 have been generated by intra-cavity obstruction
and converted to the helical Laguerre-Gaussian basis via an astigmatic mode converter.
These were converted further to the sinusoidal Laguerre-Gaussian basis, and the phase
structure of both Laguerre-Gaussian types studied, via a compound Mach-Zehnder
interferometer. Difficulties in mode manipulation arose from an inherent ellipticity in helical
modes due to an imperfect converter orientation, preventing resolution of higher order
mode conversions but having little effect on the phase analyses, which revealed spiraling
patterns in helical modes and concentric rings in sinusoidal modes. Additional experiments
were performed, demonstrating mode reversion, the azimuthal flow of energy in OAM
carrying beams, and the slanting offset of fringes in the double-slit diffraction of helical
modes. A quantitative extension of the mainly qualitative study performed here is planned,
namely simulations in MATLAB to provide some expectation of the sinusoidal mode phase
patterns.
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