A Complete Ray-trace Analysis of the ‘Mirage’ Toy
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Abstract: The ‘Mirage’ (Opti-Gone International) is a welidwn optics demonstration (PIRA
index number 6A20.35) that uses two opposed congarers to project a real image of a small
object into space. We studied image formation enltirage by standard 2x2 matrix methods and
by exact ray tracing, with particular attentionaidditional real images that can be observed when
the mirror separation is increased beyond one fecaith. We find that the three readily observed
secondary images correspond to 4, 6, or 8 reflesticespectively, contrary to previous reports.
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1. Introduction

The ‘Mirage’ [1] is a well known optics demonstmati[2] that is very popular in our laboratory atepen house
events. It consists of two horizontal concave m#that work together to project a real image sirall object
placed on the lower mirror through an aperturn@upper one. Visitors are fascinated by the tEalimage that
“floats in space” and are challenged and involvémthey are asked what will happen when it is ethrough a
magnifying glass or mirror, or illuminated by ada®eam.

A little-known feature of the Mirage is the appeara of additional real images when the distancevden the
two mirrors is uniformly increased by carefullysiig the upper mirror without tilting it. Three $usecondary
images (which are alternately inverted or not itegicompared to the primary image) are clearlyblésat
additional mirror distances of 3.1, 4.5, and 5.3[8inWhile the first secondary image is nearlyckesar as the
primary one, the subsequent secondary images eeagingly dim, distorted and hard to discern.

Fig.1. Photograph of the Mirage toy in our laborgtshowing, from top to bottom, the
projected real image, the projected reflection, #mel actual object. The two images
appear larger than the actual object primarily beeahe camera is close to the device.
The opening in the upper mirror is 6.25 cm in ditane



We have studied the formation of these secondaag@® in the Mirage toy by both 2x2 matrix ray-optic
methods in Mathematica [4] and by exact ray traeuth the BEAM2 program [5]. The problem providesexy
good introduction to geometrical optics and to ¢hego very useful and pedagogically valuable sofénaols. The
project is typical of those used to introduce tsghool and young university students to optichatStony Brook
Laser Teaching Center, as discussed elsewhergs abthference [6,7].

2. Description

The Mirage toy is readily available from variouppliers of science education products for abou$3%. Its two
parts are made from a durable black plastic byctiga molding. The mirror surfaces appear to bécafly quite
accurate except for an irregular portion ~2 mmiamteter at the center of the lower mirror. This @érfpction is of
no consequence as it is normally covered by theablglaced there. The optical surfaces are pratdoben
tarnishing by a durable over-coating, but are gsitesitive to damage from fingerprints or scratckiés have
found that cleaning is best done by wetting théaserwith dilute household detergent and flushirittp & copious
stream of hot water; residual water droplets cahlbtted dry with a paper towel, but the surfacestmever be
wiped or rubbed. Now that the original Mirage pateas expired similar devices are being producedsald by
companies other than Opti-Gone. The ones we hareae of significantly lower optical quality thre authentic
Mirage and don't clearly show the secondary images.

The description of the Mirage on its packaging alsg@where is misleading in several ways. The tradeked
name Mirage has of course no relation to the réfraghenomenon by that name, and the term “3-[2ctbn
hologram” is not accurate either. The packaginthimstates that “optical surfaces are crafted1¢g050,000,000
of an inch.” This figure (which corresponds to oalyout one Angstrom) was intended to be indicaiivihe
extreme thinness of the aluminum reflective coaf8jg

3. History

The Mirage has an interesting history [8] that begvith a chance observation by a custodial worRatliste
Landry, in the physics department at the Universit€alifornia, Santa Barbara some four decades@ge day
Landry happened to be cleaning a stack of largeldWfar Il surplus searchlight mirrors that had bewred away
in a closet. (Such mirrors have a central apeffauréhe arc lamp support.) Landry was startled fasdinated to see
a realistic illusion of “dust that couldn't be aheal.” He reported his observation to a young fgcuiémber in the
department, Virgil Elings [9], who quickly recogeiz the optical principles involved and the noveltg potential
utility of devices of this type for displaying jelng, etc.

Elings and Landry filed for a patent for an " OptiDisplay Device" in 1970, and it was granted fears later
[10,11]. The patent is interesting for what it da@sl does not say about the optics of the devimeekample,
Figures 3 and 4 in the patent show the secondisplfdr two reflections and the non-inverted se@mdmage
after four reflections, respectively. (See disoos$n Section 5 below.) The accuracy of the image®t discussed,
and the drawings show only one symmetrical pamag$. The patent also mentions without any furthigtussion
the possibility of using mirrors of unequal curvawr a mirror which isn’'t convex.

Michael Levin first became aware of the Elings dewvhen he came across an expensive glass vefsion o
(made by Elings and a son) at a San Franciscalgifp. Levin had prior experience with commercialtuees
related to optics, having been involved with thedrsum shows [12] in the 1970's, and could segtitential of
marketing a more affordable version to a wider andé. By 1977 he had acquired the rights to thegElinvention
and founded Opti-Gone International, whose solelpets remain the standard Mirage studied here (IV2@@0)
and a much larger version (Model 22) used for dtamalisplays at museums and the like [1].

4. Geometry

We decided to study the geometry of the Mirage wilprior assumptions other than that the mirroessarfaces
of revolution. We first used a caliper and ste&rto measure the active (coated) diameter ofaver mirror ¢
and the perpendicular distance (sagitta) from tiogpaint of that chord to the mirror surface h, takicare to
account for the lip at the mirror's edge. Fromrtiationship r = #(8h) + h/2 we deduced a radius of curvature r
=18.0 cm. A circular template of this radius cut fsam paper did not match the mirror surface,tseas apparent



that this was not spherical. By trial and erroxdts determined that a smaller circular template 16.13 cm)
matched the surface well near its center, but dediftom it at the edges. Finally, a parabolic tetgwith the
same curvature at the vertex was constructed. tithad the entire surface well. Additional measunet:ie
confirmed that the vertices of the two mirrorshie Mirage are separated by one focal length (8206 as expected.
The sagitta method was used to account for the @5 cm diameter) opening in the upper mirror.

It is of course clear why parabolic mirrors woulel desirable, if not essential, in this device. Aapalic upper
mirror placed one focal length above the lower ariwill direct all rays originating from the vertex the lower
mirror directly downwards, regardless of their a&ngith respect to the axis. When these precisatycad rays
reflect from parabolic lower mirror they will comge to an image point that lies at the vertex efupper mirror, as
shown in the following sketch taken from the Opt+@ International web site [1].

Fig. 2. Ray paths between parabolic mirrors [1].

5. Matrix Analysis

The 2x2 or ABCD matrix technique for ray tracingnsll known [13,14]. The (r) form we used applies to
spherical optical elements on a common axis, wtiereay angle is sufficiently small that the paraxial
approximation sin() ~ tan() ~ applies. This approximation is certainly not jiistl in the present situation, and
in fact all rays close to the axis are lost throtlghopening of the upper mirror. The mirrors dse aot spherical.
Nevertheless it is an interesting and useful exertd carry out the analysis and study the solstadrtained.

Our matrix analysis had two parts. First we studiemagnification and displacement of the primargge as a
function of the displacement of the object aboelttwer mirror. Then we studied the secondary iredgefinding
all mirror separations d/f at which an image foahshe upper surface, after 2, 4, 6, 8, or 10 ctfes.

The two optical elements represented by 2x2 matiace the two mirrors of focal length f = 8.06 cndl dhe
varying drift distance d between them. A productriravith elements ABCD is formed by multiplyingeh
appropriate element matrices in sequence, from ta@left. For the primary image formed by two egflions the
sequence would be: drift (D), reflect (R), drift)(Deflect (R), drift (D). For four reflections throduct matrix
would include an additional RDR sequence, etc. ddmdition for the formation of a real image is thatrix
element B = 0. When B = 0, the matrix element Aegithe magnification.

The calculations were carried out with the popMathematica software tool [4], which was availatdleis at
no cost through a campus license. (The free opares@rogram Scilab [15] would have been equallgative.) To
locate the secondary images the product matria fearticular case was written out and the valuefitifdistance d
that make element B of this matrix zero were oledir-or n reflections there are n solutions, butyraf these are
for mirror separations less than the focal lengthgccur at relatively large separations. The Sdution for 2
reflections (d = f) is the primary image normallyserved; a second solution occurs at d = 3f. Tdégsisd solution
has been discussed before by other authors [18yh6]erroneously associated it with the first selzop image.

Figures 2 and 3 and their accompanying captionsrsanme the results. The steadily increasing macatifon
and upwards shift of the primary image as the dhgexaised above the lower mirror surface is resjme for the
slightly “muscular” appearance of the pig imageort small pig is placed atop another, then thgéwd the upper
one clearly appears larger than the lower. Thegflohage locations shows interesting mathemagedterns. As
the number of reflections increases to infinity altitude of images will converge at the confocatdnce d/f = 2.0.



Fig. 3. Position and magnification of the primargage as a function of the object position
relative to the lower mirror. As the object is daped upwards its image expands and is
displaced upwards by an amount that increasingtgeds the shift in the object position.

Fig. 4. This plot shows the locations of all imagesdicted by matrix analysis as a function of
the mirror separatiod in units of the focal length The number of images is equal to the number
of reflections, and the predicted images are eitheerted (squares) or not (triangles). The
dashed line shows the primary image and the obdeseguence of secondary images.



6. Exact Ray Trace Analysis

The BEAM2 software [5] proved to be an excellem ior the exact ray trace studies, with limited gaite
adequate features for this study. (It only handlegaces of revolution, but these can be formedrbgrbitrary
conic section.) It was quite easy to learn, esfiigaiath the detailed examples published by Atnevaad Feinberg
[18]. Finally, it was quite affordable, just US $8% a single user copy, unchanged from 1991 [18].

We started by confirming that the primary imagarfed by parabolic mirrors one focal length apapegiect, with
no geometrical aberrations. The spherical abenstwoduced by spherical mirrors are strikinglgérand even a
few percent deviation from the optimum paraboliaghgives a noticeable imperfection in the caledlamnage.

We next studied the first and clearest secondaagenproduced by four reflections. Parabolic sed$asere
assumed. As shown in Figure 5, a secondary imaigerrsed, in agreement with the matrix analysis and
observation, but it is clearly distorted by sphalrigberration. Rays emerging from the object atinedly large
angles cross the optical axis further from the otilean do rays close to the axis. If only higb&raxial rays are
considered the location of the image agrees pigoigith the prediction of the matrix model (Figudg as it should.
Not illustrated here, spherical aberration incrsasgnificantly with each additional pair of reflems,

We also looked at the two-reflection image predidig the matrix model at a large mirror separation3f. Once
again, for rays nearly parallel to the axis (withidegree or less), an image is formed at the uppeor, in
agreement with the matrix model. However, as stgki illustrated in Figure 6, realistic rays fail tonverge, and
may even remain parallel to the axis. Thus the teRBAM?2 calculation is in agreement with the easitne
experiment — there simply is no observable twoeribn secondary image, as previously claimed [2]6,1

Fig.5. Exact ray trace for the first secondary imagplculated with BEAM2. An image is formed at
the surface of the second mirror, but it is digtdrby spherical aberration. The opening in the uppe
mirror is not shown, and some of the rays drawnld/escape through it and not be reflected.



Fig. 6. Exact ray trace for a mirror separation 8f=The emerging rays do not
come to a focus and there is no visible image. fidréizontal line at the top is a
“screen” that must be included when setting uppttogram.

7. Discussion

This turned out to be an excellent student prdjaca variety of reasons. The easily observed atetesting
phenomena of the Mirage device provided a strontivation for mastering new analytical tools. Thetheamnatics
and computer skills involved are relatively simpled well-suited to self study. Learning about tletany of the
Mirage and the people involved was an adventurejaasfinding that published information was incotre

As with all good Laser Teaching Center projectg]&here is much more to learn and explore, thidogth
simulations and hands-on measurements and expasmensuggested in the patent filing there areynmare
optical configurations for image projectors thatiicbeasily be explored by the methods described, liecluding
having mirrors of different shapes and unequal aume (focal length). It would be interesting adlweapply the
realistic analysis to the eight-reflection imagattis predicted to coincide with the primary imagel/f = 1.0, as
shown in Figure 4. Hands-on experiments could wegllacing a small light source at the object parsito more
precisely track the images, or even creating actfig telescope with one of the mirrors and staglyis properties.
(An even easier experiment is to use one of theonsito focus sunlight, with dramatic results!shmort, the Mirage
toy provides a rich playground for exploring imdgemation and geometrical optics.

Finally, a recent paper in The Physics Teachersgivstructions for making a cylindrical device tpadbduces a
somewhat similar effect [19]. The device is simgifective, and very inexpensive to construct,ibabuld not be
analyzed in the same elegant and informative wal/ttte Mirage toy was analyzed here.
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